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We introdue an eetive numerial method of density matrix determination of ber oupled single
photon generated in proess of spontaneous parametri down onversion in type I non-ollinear
onguration. The presented theory has been suessfully applied in ase of soure exploited in
Phys. Rev. Lett. 99, 123601 (2007) to demonstrate the experimental haraterization of spetral
state of single photon.
PACS numbers: 42.65.Lm,42.50.Dv
I. INTRODUCTION
The soure of single photons is a prerequisite for im-
plementation of linear optial quantum information pro-
essing shemes [1, 2, 3, 4℄, quantum teleportation [5℄
and quantum ryptography protools [6℄. Altough deter-
ministi single photon soures has been reently devel-
oped [7, 8, 9, 10℄, most of the fundamental experiments
still utilize the proess of Spontaneous Parametri Down
Conversion (SPDC). In this phenomena pairs of daughter
photons are produed in a pumped nonlinear rystal and
typially oupled into single mode bers (SMFs). SPDC
provides unique ease of shaping spetral and spatial prop-
erties of generated nonlassial light. Detetion of one
photon, onventionally alled signal, heralds the presene
of the other, alled idler [11℄. Its statistial properties are
satisfatory for post-seletion type experiments as long as
the pump power is low enough to make multiple pair gen-
eration events negligible [12℄. However, the idler photon
is typially prepared in a mixed state [13℄ with respet to
the temporal degree of freedom. Only by areful spetral
ltering or preise adjustment of olleting setup one an
produe pure wave pakets [14, 15, 16, 17℄. Furthermore,
oupling into SMFs dereases signiantly the total num-
ber of useful heralded photons. In a typial experimental
senario oupling only one photon out of the pair is signif-
iantly more probable than oupling both photons. This
omes at an expense of loosing sub-poissonian statistis
of the ounts but is beneial for a ertain test exper-
iments [18℄ or haraterising vital harateristis of the
soure.
We report here an eetive numerial method of de-
termination of the state of single photon generated in
proess of type I SPDC in onguration in whih idler
photon is oupled into SMF and the signal is disregarded,
adopted from the results of [17℄. This sheme has been
previously used to demonstrate the method of harater-
∗
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isation of a single photon state in Ref. [18℄. The theoret-
ial method is based on an observation that optial ber
dene a relatively narrow range of diretions that need to
be inluded in the alulations. This justies the paraxial
approximation, whih makes a substantial portion of the
problem tratable analytially. In onsequene we are
able to derive the expression for the spetral density ma-
trix of idler photon ρi(ωi, ω
′
i) propagating in SMF.Finally
we present a numerial alulations of ρi(ωi, ω
′
i) for a
typial experimental settings. Both obtained results 
highly simplied analytial assessment of the single pho-
ton harateristis and an eient method of alulating
its full density matrix ρi(ωi, ω
′
i)  an provide a valu-
able insight in a future experiments with single photons
obtained from SPDC.
II. THEORETICAL MODEL
Below we will develop a set of eetive approximations
for alulating the redued density matrix ρi(ωi, ω
′
i) in a
single arm of typial ber oupled single-pass parametri
down-onversion soure. We start by writing down the
full biphoton wavefuntion in the perturbative approxi-
mation. We desribe the oupling of one of the photons
into a SMF and we trae over the other photon. This
way we obtain an involved, multidimensional integral for
the redued density matrix ρi(ωi, ω
′
i). At this stage we
point out, that by judiious reordering of the integrals
and performing a paraxial approximation this expression
an be largely simplied and ast into a form whih is
easy to evaluate.
Let us begin by desribing the typial soure depited
in Fig. 1. It omprises the nonlinear rystal of length L,
pumped by a beam of ultrashort pulses entered around
frequeny 2ω0. The elementary proess taking plae in
nonlinear rystal is a deay of a pump photon into sig-
nal and idler photons. We hose to parameterize the
interating waves by their frequenies ωp, ωs, ωi and
transverse omponents of their wave vetors kp⊥, ks⊥,
ki⊥. The energy onservation priniple is expressed in
this parametrization by an equation ωp = ωs + ωi, while
2FIG. 1: The setup is omprised of χ(2) nonlinear rystal of
length L, pumped by a gaussian beam of wp omprised of
pules desribed by a spetral envelope funtion Aps. The
idler photon is olleted to a single mode ber SMF, provided
it is emitted into a spatial mode of harateristi width wfat
the rystal.
the momentum onservation requires that the transverse
omponents of wave vetors math kp⊥ = ks⊥ + ki⊥.
Note that for eah of the waves one k⊥ and ω are given
kz is xed. Therefore an ideal math of the longitudinal
wave vetors is in general impossible. We hoose a per-
fet mathing for pump photon of frequeny ωp = 2ω0
propagating along the z axis (kp⊥ = 0) and signal
and idler photons of equal frequenies ωs = ωi = ω0
propagating symmetrially at the angle α with respet
to z axis. The propagation diretions of both gener-
ated photons orrespond to a transverse wave vetors
|ks0⊥| = |ki0⊥| = ω0/c sinα pointing in opposite dire-
tions. Thus a phase mathing, whih we onsider here,
orresponds to fullling the following riterion:
∆kz(ks0⊥, ω0;ki0⊥, ω0) =
kpz(ks0⊥+ki0⊥, 2ω0)−ksz(ks0⊥, ω0)−kiz(ki0⊥, ω0) = 0
(1)
Let us write down an expresion for the probability am-
plitude of generation two photons of frequenies ωs, ωi
and transverse wave vetors ks⊥, ki⊥ [17, 19℄:
Ψ(ks⊥, ωs;ki⊥, ωi) =
N
∫ L/2
−L/2
dzAp(ks⊥ + ki⊥, ωs + ωi)e
i∆kz(ks⊥,ωs;ki⊥,ωi)z,
(2)
where N is normalization onstant. The above formula
expresses a fat that the probability amplitude of gener-
ating pair of photons haraterized by ks⊥, ωs and ki⊥, ωi
is proportional to the pump amplitude Ap(ks⊥+ki⊥, ωs+
ωi). In turn the integration sums the ontributions form
the slies of the rystal perpendiular to z axis, with ex-
ponential term representing propagation phases. Indeed,
∆kz(ks⊥, ωs;ki⊥, ωi)z is the phase aquired by the pump
while propagating to the slie of interation and by the
photon pair while propagating towards the end of the
rystal.
Now we must take a ertain spatial shape of the pump
and the ber spatial mode, preferably leading to ana-
lytially integrable expressions. We assume there are no
spatiotemporal orrelation in the pump pulse and its am-
plitude is a produt of spetral A
sp
(ω) and spatial up(k⊥)
parts:
Ap(ω,k⊥) = Asp(ω)up(k⊥) (3)
We impose a spatial prole to be gaussian, orresponding
to a beam of waist wp:
up(k⊥) =
wp√
pi
exp
(
−w
2
p
2
k
2
⊥
)
.
However, we still provide freedom of hoie of the pump
spetral amplitude A
sp
(ω).
Next we nd the wave funtion with respet to the
ber for an idler photon and with respet to the free
spae for the a signal photon. This an be done by pro-
jeting ψ(ks⊥, ωs;ki⊥, ωi) on the ber mode prole. We
approximate the spatial mode oupled in SMF ui(ks⊥)
by a gaussian funtion entered around the phase math-
ing diretion ki0⊥ orresponding to a beam of width wf
[21℄:
ui(ki⊥, ωi) =
wf√
pi
exp
(
−w
2
f
2
(ki⊥ − ki0⊥)2
)
. (4)
Without loss of generality we assume the olleting op-
tis and the bers are in the xz plane. Therefore the
transverse wave vetor of the idler photon is a funtion
of its frequeny ωi in the diretion of observation α is
given by ki0⊥ = −ωi sin(α)xˆ/c. Here xˆ is a unit ve-
tor in the diretion of x axis. Thus the biphoton wave
funtion of idler photon inside SMF and signal propagat-
ing in free spae Ψi(ks⊥, ωs, ωi) is a partial overlap of the
free spae wave funtion Ψ(ks⊥, ωs;ki⊥, ωi) and the ber
mode prole ui(ks⊥):
Ψi(ks⊥, ωs, ωi) = NAsp(ωs + ωi)
∫ L/2
−L/2
dz
∫
d
2
ki⊥
u∗i (ki⊥, ωi)up(ks⊥ + ki⊥)e
i∆kz(ks⊥,ωs;ki⊥,ωi)z. (5)
In the next step let us write an expression for the den-
sity matrix of the idler photon in the ber ρi(ωi, ω
′
i). It is
obtained by taking a trae of the photon pair density ma-
trix Ψ∗(ks⊥, ωs;ki⊥, ωi)Ψ(k
′
s⊥, ω
′
s;k
′
i⊥, ω
′
i) over the de-
grees of freedom of the signal photon ωs and ks⊥:
ρi(ωi, ω
′
i) =
∫
dωsdks⊥ Ψ
∗
i (ks⊥, ωs, ωi)Ψi(ks⊥, ωs, ω
′
i).
(6)
Thus a general struture of the spetral density matrix
ρi(ωi, ω
′
i) after substitution of Eq. (5) into Eq. (6) is given
3by:
ρi(ωi, ω
′
i) ∝
∫
dzdz′dωsAsp(ωs + ωi)Asp(ωs + ω
′
i)×
×
∫
dks⊥dki⊥dk
′
i⊥u
∗
pu
′
pu
∗
i u
′
i exp(i∆k
′
zz
′ − i∆kzz),
(7)
where the funtions up, ui and ∆kz are taken for ks⊥,
ki⊥, ωs, ωi and u
′
p, u
′
i and ∆k
′
z refer to the respetive
quantities taken at ks⊥, k
′
i⊥, ωs, ω
′
i. A lassial approah
to evaluating this integral would be to rst integrate an-
alytially over the length of the rystal z and z′ and then
evaluate remaining 7 integrals numerially. However this
would be extremely tedious omputationally. Therefore
we adopted another approah in order to alleviate the
numerial eort. We rst perform the paraxial approxi-
mation of the phase mismath exponent i∆k′zz
′− i∆kzz.
Then the integrals in seond line of Eq. (7) an be evalu-
ated analytially. Finally the remaining integrals over z,
z′ and ωs are omputed numerially.
The paraxial approximation of the phase mismath ex-
ponent i∆k′zz
′ − i∆kzz is well justied as long as waists
of the beam involved are muh bigger than a wavelength.
Mathematially this is equivalent to observing that in the
integral Eq. (7) the range of ki⊥ is in fat restrited by
the aperture of the olletion optis desribed by ui(ks⊥)
to ki⊥ ≃ ki0⊥ ± 1/wf , as seen in Eq. (4). Then the
range of perpendiular omponent of the signal wave ve-
tor ks⊥ is also restrited beause of nite wave vetor
spread of the pump. Diret alulation reveals the range
of approximately [22℄: ks⊥ ≃ ks0⊥ ±
√
1/w2f + 1/w
2
p,
where ks0⊥ = ωs sin(α)xˆ/c. Those two fats enable us to
approximate the phase mismath ∆kz(ks⊥, ωs;ki⊥, ωi)
around the enter of both ranges up to seond order in
ks⊥ and ki⊥:
∆kz(ks⊥, ωs;ki⊥, ωi) :=
kpz(ks⊥ + ki⊥, ωs + ωi)− ksz(ks⊥, ωs)− kiz(ki⊥, ωi) ≈
∆kz(ks0⊥, ωs;ki0⊥, ωi)+D
T
1 (ωs, ωi)·κ+κTD2(ωs, ωi)κ,
(8)
where for sake of brevity we introdued κ = (ks⊥ −
ks0⊥,ki⊥ − ki0⊥)T to denote the four omponent vetor
of deviations form the diretions of phase mathing. The
expansion oeients ∆kz(ks⊥, ωs;ki⊥, ωi), D1(ωs, ωi)
and D2(ωs, ωi) are given in the Appendix A. Note that
for eah pair of frequenies ωs and ωi we have in gen-
eral dierent expansion oeients. This means we keep
dispersion relations exat. This is motivated by the fat,
that the spetrum of the single photons an easily span
100nm or more, whih makes expansion of the k vetor
as a funtion of frequeny inaurate.
With Taylor expansion given by Eq. (A1) at hand, we
an perform inner integrals in the expression for density
matrix Eq. (7). Let us rewrite the integrant of Eq. (7)
using a vetor of deviations κ˜ = (ks⊥ − ks0⊥,ki⊥ −
ki0⊥,k
′
i⊥ − k′i0⊥) to shorten the notation:
u∗pu
′
pu
∗
iu
′
i exp(i∆k
′
zz
′ − i∆kzz) =
exp (−κ˜M2κ˜+M1κ˜+M0) (9)
whereM0,M1 andM2 depend on frequenies ωs, ωi, ω
′
i
and z, z′. Their expliit form is given in Appendix B.
Now the integral in Eq. (7) an be partially evaluated
and the density matrix ρi(ωi, ω
′
i) is found to be:
ρi(ωi, ω
′
i) = |N |2
∫
dωsA
∗
sp
(ωs + ωi)Asp(ωs + ω
′
i)×
L/2∫
−L/2
dz
L/2∫
−L/2
dz′
expM0√
detM2
exp
(
−1
4
M
T
1M
−1
2 M1
)
.
(10)
III. NUMERICAL RESULTS
In order to proeed we x the spetral shape of pump
pulse A
sp
(ω). We assume it be gaussian of duration τp:
A
sp
(ω) =
√
τp
4
√
pi
exp
(
−τ
2
p
2
(ω − 2ω0)2
)
(11)
In typial experimental senario photons are spetrally
ltered in order to ameliorate its harateristis or redue
a noise. We an model spetral ltering eets multiply-
ing the density matrix by the the amplitude transition
funtions Λ(ω′):
ρi(ω, ω
′)→ Λ(ω)Λ(ω′)ρi(ω, ω′) (12)
We approximate amplitude transmission of spetral lter
by a Gaussian funtion dened in the following way:
Λ(ω) = exp
(
−2 ln 2(ω − ω0)
2
σ2
)
(13)
Here we have alulated the spetral density matrix
of photon generated within the typial experimental se-
nario, where the nonlinear rystal is pumped by a gaus-
sian pulses Eq. (11). Note that for real gaussian pulses
density matrix is real. Fig. 2 shows the spetral den-
sity matries ρ(ω, ω′) of photons generated in L = 1mm
long BBO rystal ut for θc = 30
◦
, pumped using gaus-
sian pulsed beam of wp = 100µm waist and duration
τp = 100fs. The olleting optis and the single mode
ber were set to ouple the gaussian mode of waist equal
wf = 200µm. The spetral lters of σ = 20nm were
applied. Panel a) shows density matrix when the obser-
vation diretion oinides with the phase mathing di-
retion α = 2.2◦, see Fig. 1. In panel b) the observation
diretion is set to α = 3.2◦.
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FIG. 2: The spetral density matrix ρ(ω,ω′) of photons trans-
mitted through 20nm spetral lter. The plots were generated
for L = 1mm long BBO rystal ut for θc = 30
◦
, pumped
using gaussian beam of wp = 100µm waist. The pulse dura-
tion was set to τp = 100fs. The olleting optis and the
single mode ber was set to ouple the gaussian mode of
wf = 100µm. The observation angle was set to a) α = 2.2
◦
(diretion of perfet phase mathing) and b) α = 3.2◦.
IV. CONCLUSIONS
We have derived a simple method of prediting the
spetral density matrix ρi(ωi, ω
′
i) of a photon generated
in one arm of pulsed SPDC. The model allows to re-
due dramatially the omputational eort while retain-
ing the auray of results. Those results, by the virtue
of their simpliity, may beome very useful when engi-
neering photon soures to meed a ertain needs for the
spetral harateristis.
The presented model has been suessfully used to pre-
dit the measurement outome in Ref. [18, 20℄. Note that
the model Eq. (10) may be used to predit the spetral
density matrix in ase of any type of spetral pumping.
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APPENDIX A: PARAXIAL APPROXIMATION
The standard paraxial approximation is given by:
∆kz(ks⊥, ωs;ki⊥, ωi) ≈ ∆kz(ks0⊥, ωs;ki0⊥, ωi)+
+DT1 (ωs, ωi) · κ+ κTD2(ωs, ωi)κ, (A1)
where for sake of brevity we introdued κ = (ks⊥ −
ks0⊥,ki⊥ − ki0⊥)T to denote the four omponent ve-
tor of deviations form the diretions of phase mathing.
∆kz(ks0⊥, ωs;ki0⊥, ωi) is spatially onstant term while:
D1(ωs, ωi) =
(
ds(ωs, ωi)
di(ωs, ωi)
)
(A2)
and
D2(ωs, ωi) =
1
2
(
dss(ωs, ωi), dsi(ωs, ωi)
dsi(ωs, ωi), dii(ωs, ωi)
)
, (A3)
where we denote the bloks as:
dµ(ωs, ωi) =
(
∂∆kz
∂kµx
,
∂∆kz
∂kµy
)
, (A4)
and
dµν(ωs, ωi) =


∂2∆kz
∂kµx∂kνx
,
∂2∆kz
∂kµx∂kνy
∂2∆kz
∂kµy∂kνx
,
∂2∆kz
∂kµy∂kνy

 , (A5)
In the above indexes µ, ν = s, i refer to signal and idler
photons.
APPENDIX B: DEFINITIONS OF DENSITY
MATRIX COEFFICIENTS
The formula for spetral density matrix an be written
down in the very ompat form:
ρi(ωi, ω
′
i) = |N |2
∫
dωsA
∗
sp
(ωs + ωi)Asp(ωs + ω
′
i)×
L/2∫
−L/2
dz
L/2∫
−L/2
dz′
expM0√
detM2
exp
(
−1
4
M
T
1M
−1
2 M1
)
(B1)
thanks to the following denitions:
M2 =
w2p
2


21 2 1 2 1 2
1 2 (1 +
w2f
w2p
)1 2 O2
1 2 O2 (1 +
w2f
w2p
)1 2

+
−1
2

 iz′d′ss − izdss −izdsi iz′d′si−izdis −izdii O2
iz′d′is O2 iz
′
d
′
ii


(B2)
M1 =

 −(∆0 +∆0′)w2p − izds + iz′d′s−∆0w2p − izdi
−∆0′w2p + iz′d′i


(B3)
M0 = −
w2p
2
(
∆0
2 +∆0
′2
)− iz∆kz(ks0⊥, ωs;ki0⊥, ωi)
+iz′∆kz(ks0⊥, ωs;k
′
i0⊥, ω
′
i) (B4)
We use 1 2 and O2 to denote two dimensional iden-
tity and zero matries, furthermore ∆0 = ks0⊥ + ki0⊥,
∆0
′ = ks0⊥ + k
′
i0⊥ and all primed Taylor series oe-
ients omponents d
′
µν and d
′
µ are taken for the primed
idler frequeny ω′i.
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